Contents

1. The Classical Wavelet Transform for Continuous-time and Discrete-

timeSignals . ... 1
1.1 The Continuous Wavelet Transform ........................... 1
1.1.1 TheHaarwavelet ............... .. i 3
1.1.2 The MexicanHatWavelet ............................. 5
1.2 The Discrete Wavelet Transform ..................... ... 7
1.2.1 Discretizing the Continuous Wavelet Transform........... 7
1.2.2 Multiresolution Analysis ... 8
1.2.3 The Two-scale Equation ..................cciviiinnnnn 9
124 Duality. ... .o 12
1.25 VanishingMoments .............o i 13
1.3 Multiresolution Analysis and Filterbanks....................... 14
1.3.1 The Decomposition Algorithm ......................... 14
1.3.2 The Reconstruction Algorithm ......................... 16

1.3.3 Implementation of the Discrete Wavelet Transform for Discrete-
time Signals. ... 17
2. Second-generationWavelets. . .......... ... i 21
2.1 Waveletson Irregular PointSets .............................. 21
2.2 ThelLiftingScheme.......... .. .. ... 24
2.2.1 The Haar Decomposition by Lifting..................... 24
2.2.2 The Lifting Scheme: Split, Predictand Update............ 26
223 BasisFunctions........... ..o 29
224 Subdivision ......... . 33
2.2.5 Lifting Existing Wavelet Transforms .................... 35
2.2.6 Liftingand Polyphase ............ ... ... it 38
2.3 The Construction of Second-generation Wavelets ................ 40
2.3.1 Multiscale Grids . ..o 41
2.3.2 The Unbalanced Haar Transform ....................... 41
2.3.3 PredictionMethods ............. ... 45
2.3.4 Updates for Vanishing Moments........................ 52
2.4 Lifting in Two (and More) Dimensions ........................ 53
2.4.1 Definitions and Construction of Triangulations ........... 54

2.4.2 Delaunay Triangulation ............................... 54



Contents

2.4.3 Multiscale Triangulations ................. ... ..., 55

2.4.4 Multiscale Delaunay Triangulations..................... 57
Nonlinear and AdaptiveLifting................ ... ... ... ...... 61
3.1 NonlinearFilters ........... . 61
3.1.1 The Max-liftingScheme .......... ... ... ..o .. 61

3.1.2 The Median-liftingScheme............................ 64

3.2 AdaptiveLifting ............ ... 66
3.3 Reconstruction of Adaptive Lifting............................ 70
3.3.1 Automatic Perfect Reconstruction ...................... 70
Numerical Condition .............. .t 77
4.1 Stability in Wavelet Smoothing on Irregular Point Sets ........... 78
4.2 Condition from Finite to Infinite Dimensions ................... 81
421 Condition Numbers ... 81
422 StableBases ... 82

4.3 Numerical Condition of Wavelet Transforms.................... 86
4.3.1 General Stability Criteria.............cooviinnnnna... 86
4.3.2  Smoothness, Convergence (of Approximation) and Stability 89

4.4 Numerical Condition of Lifted Wavelet Transforms .............. 91
4.4.1 Lifting of Existing Stable Schemes ..................... 91
4.4.2 Numerical Condition and Primal Vanishing Moments ... .. .. 92
4.4.3 StabilizingUpdates ... 94
444 Prediction . ... 95
4.4.5 Splitting Strategies . .. ..o 99
Applications of Nonlinear Liftinginlmaging .................... 103
5.1 Image Retrieval Using Adaptive Lifting........................ 103
51.1 Quincunx Lifting ... 103

5.1.2 Adaptive Lifting ... 106
5.1.3 RedundantLifting ................................... 108

514 Feature VeCtors .. ... oot 109

5.1.5 [lustration of Image Retrieval ......................... 111

5.2 Adaptive Splitting using Normal Offsets ....................... 113
521 2D > (1D)2 .. . 113
5.2.2 Some Theoretical Background ......................... 118

523 Normal Offsets .. ...t e 120
ReEfEreNnCeS . ... 129



